GIT-EQUIVALENCE AND DIAGONAL ACTIONS 

POLINA YU. KOTENKOVA 



Abstract. We describe the GIT-equivalence classes of linearized ample line bundles for the 
diagonal actions of the linear algebraic groups SL(1/) and SO(V) on P(V)"'i x P(y*)™2 a,nd 
P(V)'" respectively. 

1. Introduction 

Let G be a complex reductive algebraic group, X a projective G-variety, and L an ample G- 
linearized line bundle over the variety X. Classical Mumford's construction, see [4], takes these 
objects to the open subset of semi-stable points 

Xf = {x G X : F{x) / for some m > and F G T{X, L®")*^} 

and the categorical quotient — > Xj^ //G. Two G- linearized line bundles Li and L2 over the 
G-variety X are called GIT-equivalentii Xff_^ = Xff^. The papers [3], [6] and [7] are devoted to the 
study of GIT-equivalence. It is shown that the GIT-equivalence classes define the fan structure 
on the cone of G-linearized ample line bundles. The main approach used to describe the cones in 
this fan is the Hilbert-Mumford criterion [4, Chapter 2]; also see [3, Example 3.3.24], where the 
GIT-equivalence classes are described for the diagonal action of the group SL{V) on the variety 
P(y)™. 

In [2] an elementary description of GIT-equivalence classes for algebraic torus actions is ob- 
tained. The authors use so called orbit cones. Using the Cox construction, in [1] this description 
is adopted for a large class of G- varieties, compare [7, Section 3]. In [1, Theorem 6.2] there is 
also a description of the GIT-equivalence classes for the diagonal action of the symplectic group 
Sp{V) on P(y)™. 

The aim of this paper is to find the GIT-equivalence classes for the diagonal actions of other 
classical groups. In Section 2 we give some necessary information from works [1] and [2]. In 
Section 3 we describe the GIT-fan for the diagonal action of the special orthogonal group SO{V), 
and in Section 4 for the diagonal action of the group SL{V) on the variety P(l/)™i x ¥{V*)'^^. 
These results are based on the description of generators of the algebra of invariants (The First 
Fundamental Theorem of the Classical Invariant Theory). 

The author is grateful to I.V. Arzhantsev for posing the problem and his permanent support. 

2. Orbit cones and the GIT-fan 

Let G C GL{V) be a complex algebraic group acting diagonally on the space 
V = (y*)™2, mi + m2 = m. Denote by P(ai,...,a^) C C[V], € Z^o, the sub- 
space consisting of homogeneous polynomials of multidegree (ai,...,am)- To each vector 
a = (ai, . . . , am) G assign the open subset 

U{a) = {v £Y \3k eN, F e P{kai, ka^f : F{v) 7^ 0}, 

where P{kai, . . . , kam)'^ ^ P{kai, . . . , kam) is the subspace of G-invariants. Note that the subset 
U{a) corresponds to the set of semistabe points X'l^, where X = F{V)"^^ x F{V*)"^^. Here the 
line bundle L is represented by the point a € Z"^ = Pic(X). 

Two points a and b G Z™q are called GIT-equivalent if U{a) = U{b). 

Assume that the algebra of invariants C[V]*^ is finitely generated and Fi,. . . ,Fr are its homo- 
geneous generators. Denote by a(l), . . . , a(r) G Z>q the multidegrees of Fi, . . . , F^. 
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The weight cone Q C is the cone generated by a(l), a(r). 
Lemma 1. The set U{a) is non-empty if and only if a ^ ^l. 

Proof Suppose U{a) ^ 0. Then there exist A; G N and F G P{kai, . . . , kam)^ such that F ^ 0. 
Since F G C[Fi, . . . , F^], we have 

-f — i-pi...pr-^l ■■■^r ■ 

PlviPr 

If Cpj^...pr / 0) then we obtain A;a = pia(l) + . . . +p,.a(r). Hence a € Q. 
Conversely, assume that a G O. Then 

a = Aia(l) + . . . + Ara(r), 

where Ai, . . . , G Q^o- Multiplying this equation by the common denominator of Ai, . . . , A^, we 
get 

ka = cia(l) + . . . + Cra{r), 
where fc, ci, . . . , cv G Z^o- Then Fi''! . . . F^- G P{ka)^ , F^^ . . . F^- # 0. Hence U{a) ^0. □ 

Let v G V. r/te orhit cone associated to v is the rational cone 

oj{v) = cone(a | 3F G P{a)° : F{v) 0). 

Lemma 2. One /tas a;(v) = cone(a(z) | Fi{v) ^ 0). 

Proof. It is evident that cone(a(i) [ Fi{v) / 0) is contained in oj{v). 
Consider the point a G Z^q and the polynomial 

F= c,,...p^Ff\..FreP{af, 

Pl,-,Pr 

such that F{v) ^ 0. Then there is a summand Cp^...p^-Ff^ . . . Fr'' not vanishing at v. Further, if 

Pi 7^ 0, then Fi{v) / 0. Therefore a = Pij^a{ii) + . . . + pi^a{is), where F^(v) 7^ 0, Z = 1, . . . , s. 

Hence we obtain the inverse inclusion cone(a(i) | Fi{v) 7^ 0) 3 U!{v). □ 

Corollary. The set of cones {uj{v) \ v £Y} is finite. 

Proposition 1. Two points a and b are GIT- equivalent if and only if for any t; G V either 

a G (^("u) and b G (^(v), or a ^ ^(v) and b ^ uj{v). 

Proof. Suppose U{a) = U{b) and a G uj{v). It follows from Lemma 2 that 

a = Aj^a(ii) + . . . + Xi^a{is), 

where Fi^ (v) 0, j = I, . . . , s, Xj G Q^o- Multiplying this equation by the common denominator 
of Ai, . . . , Xr, we get 

ka = pia(n) + . . . + PsCiiis), 
where k,pi,...,Ps G Z^o- Then Ff^...Ff' G P{ka)'^ does not vanish at v, and hence 
V G U{a) = U{b). Therefore there exist Z G N and F G P{lh)^ such that F{v) ^ 0. Thus 
lb G oj{v) and b £ uj{v). Similarly if 6 G then a € uj{v). 

It can easily be checked that a £ u{v) if and only ii v & U{a). If for any v gY either a € uj{v) 
and b G oj{v), or a ^ u!{v) and 6 ^ u!{v) hold, then for any t; G V we have either v G U{a) and 

G or v ^ C/(a) and t; ^ U{b). Hence C/(a) = C/(6). □ 

The GIT-cone of a point a G Z^q is the cone T(a) = P| u{v). 

Recall that a finite set {ai} of cones in Q"* is called a fan, if 

(1) each face of a cone in {(Xj} is also a cone in {cj}; 

(2) the intersection of two cones in {ai} is a face of each. 
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Theorem 1. The set of the cones 'I' = {T(a) | a G fi} is a fan. 
The proof may be found in [2, Theorem 2.11]. 

The fan * is cahed the GIT-fan. It fohows from Proposition 1 that the classes of GIT- 
equivalence are relative interiors of GIT-cones. 

Let T = (C^)™ be a torus. It acts on the space V as 

t o (vi, . . . , fmi ) ^1) • • • ) ^7712) ~ (^1^1) • • • ) tjnj^Vfni , Sl^l, • • • ; Sm2^m2^i 

where t = {ti, . . . , tmi ,si,..., Sm2 ) ^T, {vi,. . . , Vmi ,h, ■ ■ ■ , lm2 ) € V- This action commutes with 
the action of G, hence the action of T on the categorical quotient V//G := SpecCfV]*^ is well 
defined. 

Consider a point v eW. It is not hard to see that 

dima;(i;) + dimT^^^) = dimT, 

where vr : V — > Y//G is the quotient morphism, and T^(t,) is the stabilizer of the point Tr{v). 

Note that our definition of the orbit cone agrees with [2, Definition 2.1] for the action of the 
torus T on the variety V//G. 

3. The case of S0{V) 

Consider G = SO{V), dim^ ^ 3. Let (., .) be a non-degenerate symmetric bilinear form on V 
preserved by SO{V). Since V is G-isomorphic to its dual V*, we can assume that m2 = 0, m = mi, 
and V = V"^. Let us construct the GIT-fan for the diagonal action SO{V) on the variety P(y)™. 

The algebra of invariants for the action SO{V) on V is generated by Uij = {vi,Vj), where 
{vi,. . . , Vm) G V"^ [5, § 9.3]. Here the multidegrees are fa := (0, . . . , 0,,^2^, 0, . . . , 0) and 

fij := (0, . . . , 0,^_1_^, 0, . . . , 0,^_1^, 0, . . . , 0), j = 1, . . . , m. The morphism tt : V* — )■ V//G sends 

i j 

(vi, . . . , Vjn) to the symmetric matrix ((^^^, 

The GIT-fan is contained in Q"*. Let xi, . . . ,Xm be the coordinates in this space. 
Clearly, the weight cone generated by fij is given by inequalities 

Xi ^ 0, i = 1, . . . ,m. 
Proposition 2. Each (m — 1) -dimensional orbit cone lies in some hyperplane 

(1) = 

iei jeJ 

where I, J C {l,...,m}, I , J ^ , I D J = . 

Proof. The torus T = (C^)"' acts on V"": t o {vi, . . . ,Vm) = {hvi, . . . ,tmVm)- Then 
to{vi,Vj) = titj{vi,Vj). The orbit cone associated to v = {vi, . . . ,Vm) is (m — l)-dimensional 
if and only if the stabilizer T^(t,) of the point Tr{v) is one-dimensional. 

Consider a graph r^, with the set of vertices {vi, . . . ,Vm}- By definition, Vi and vj are joined 
by an edge in r„ if and only if {vi,Vj) 7^ 0. Assume that {vi,Vj) 7^ 0. Then any t G satisfies 
U = tj\ 

Let Ft, = Li U . . . U F/ be the decomposition into connected components. If F^ contains a cycle 
of odd length or a loop (type A), then tj = 1 for all Vi € F^ and t € T^{v). In other case (type 
B), it is possible to divide the set of vertices of F^ into two subsets. For a point of the first subset 
ti = Sfe holds, and for a point of the second subset we have ti = (s^)"^, where s^ € C^. The 
stabilizer is one-dimensional if and only if there is only one component of type B in the graph F^;. 
Denote by / and J the sets of vertices in the first and the second subsets of this component. The 
weight fij lies in uj{v) if and only iiiE:I,jEJ or j El, iEJ. Hence the orbit cone is contained 
in hyperplane (1). □ 
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It follows from Proposition 2 that if dimension of the orbit cone io{v) is less than m — 1, 
then u!{v) lies in the intersection of some (m — l)-dimensionaI orbit cones. Thus two points are 
GIT-equivalent if and only if they lie in the same m-dimensional and (m — l)-dimensional orbit 

cones. 

Theorem 2. For the diagonal action of the group SO{V) on the variety P(F)'" the GIT-fan is 
obtained by cutting of the cone 

ri = {(a:;i, . . .,Xm) \xi^O} 

by hyperplanes 

(1) ^Xi = ^Xj^ 

iei jeJ 

where /, J C {!,. . .,m}, I , J , I H J = . 

Proof. It is sufficient to find all (m — l)-dimensional orbit cones. It follows from Proposition 2 
that we should only prove that the intersection of each hyperplane (1) with the cone Q, is the orbit 
cone for some point v. 

Let Vk = (1, z, 0, . . . , 0) for k e I, vj = (1, -z, 0, . . . , 0) for j € J, and vi = (0, 0, 1, 0, . . . , 0) 
for / ^ I U J. (Here = —1). The orbit cone associated to v is generated by the weights 
fkj{k £ I, j J) and fii{l JU J). Hence u;(v) is (m — l)-dimensional and lies in hyperplane (1). 
It is easy to check that the rays {fkj){k £ I, j & J) and {fu){l ^ I U J) are precisely the edges of 
the intersection of Q with hyperplane (1). This completes the proof of Theorem 2. 

□ 

Example. Consider the action of SO3 on the space © © C^. 

The weight cone is the cone Q = {{xi,X2,x^) € | xi ^ 0, 3:2 ^ 0,X3 ^ 0}. The GIT-fan is 
obtained by cutting of the cone O by hyperplanes 

Xl = X2, Xi = X3, X2 = xs, 
Xi+X2 = X3, Xl + X3 = X2, X2 + X3 = Xl. 

The intersection of the GIT-fan with the hyperplane xi -f X2 + X3 = 1 looks like: 



There are 33 classes of GIT-equivalence: 12 classes are three-dimensional, 21 classes are two- 
dimensional, and 10 classes are one-dimensional. 

4. The case of SLiV) 

Consider G = SL{V). Let us construct the GIT-fan for the diagonal action SLiV) on the 
variety P(F)'"i x P(F*)™2. 

The algebra of invariants C^\^^^^\ where V = V^^ ® {V*)'^'^ , is generated by det(wii, . . . 
det(/ji , . . . , IjJ, and lj(vi), where {vi, . . . ,Vm^M, ■ ■ ■ , ^ma) e ^""^ © [5, § 9.3]. Here the 

multidegrees are 

m2 mi 

and Ki = {el,...,e^\5y...,5^% 
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where 

11. ..%n 11. ..In ' Jl-.-Jn ' Jl...Jn V V 

and other numbers are zero. 

The GIT-fan is contained in Q'". Let xi,..., Xmi, yi, ■ ■ ■ , ym2 be the coordinates in this space. 
First, suppose that mi ^ n or m2 ^ n. 

Proposition 3. Each (m — 1)- dimensional orbit cone lies in one of the hyperplanes 

(2) Xi = Q, i = l,...,mi, 

(3) yj = 0, j = l,...,m2, 

(4) xi + ... + xmi =yi + ■■■ + ym2, 

(5) (n - A;) ^ - A;^ = (n - A;) ^ -k^yj, 

iei i^i jeJ j^J 

where 1 ^ A: ^ n — 1, / C {1, . . . , mi}, J C {1, . . . , 7^2}, and either A; ^ |7| ^ mi — n + k or 

A ^ I J| ^ 777-2 — n + k. 

Proof. If there is a zero vector or a zero function in the set {vi, . . . , ,li, . . . , } ) then the orbit 
cone associated to 7; = (fi, . . . , Vmi-, h, ■ ■ ■ , lm2) lies in hyperplane of type (2) or (3). Further, we 
assume that all the components of v are nonzero. 

The torus T = (C^)"' acts on V""^ as above. Then for any i G T we have 

tolj{vi) =tiSjlj{Vi), 

t o det{vi-, ,...,ViJ = ti^...ti^ det{vi^ ,...,ViJ, 
t o det(/j, = Sj,... Sj^ det{lj, 

and the orbit cone associated to 7; is (777 — l)-dimensional if and only if the stabilizer T^(^) of the 
point Tr{v) is one-dimensional. 

Consider a graph with {t;!, . . . ,Vm,h, ■ ■ ■ , lm2} ^ the set of vertices. By definition, Vi and 
Ij are joined by an edge in F^, if and only if lj{vi) ^ 0. If vertices Vi^,Vi^,lj^,lj^ lie in the same 
connected component of the graph F^, , then any t € T^(t,) satisfies ti^ = ti^ , sj^ = sj^ , tii = sj^ . 

Case 1: dim(7;i , . . . , Vmi ) < 77, dim(Zi , . . . , lm2 ) < n. 

In this case all the determinants are zero. If the stabilizer r^(t,) is one-dimensional, then the 

graph Fu is connected. The orbit cone is generated by the weights {hij}. Their span is (777 — 1)- 
dimensional and lies in the hyperplane xi + . . . + Xmi = t/i + • • • + 7/m2- Hence the orbit cone lies 
in hyperplane of type (4). 

Case 2: dim(7;i, . . . , Vmi) = n, dim(Zi, . . . , Z^j) = 77. 

Suppose dct{vi^ ,Vi^) 7^ 0. Then Vi^,. . . , Vi^ is a basis of V. For any t G the equation 
ti^ . . . ti^ = 1 holds. If Vi^ occurs in the decomposition of Vi with respect to the basis t;^^, . . . , t;^^, 
then det(7;j, Vi^, . . . ,Vi^) ^ G and titi^ ■ ■ - Un = U1U2 ■ ■ - Un = 1- Hence ti = ti^ . Similarly consider 
other Vj^., where j = 2, . . . ,n. Thus the space V decomposes into the sum V = V^^ © ... © Vk^. 

The torus T multiples any V^^ by t/ {ti = ti - for some j). In the same way V* decomposes into the 
sum V* = W^^ © ... © , the torus T acts on any as multiplication by si . Thus any element 

t G r^(„) satisfies the conditions {tif'^^^^i . . . (i,)'^""^^'' = 1 and {sif^^^'^i . . . {sqf"°^~^'i = 1. 

Consider a new graph F^ with V^^, . . . , V^^, VF^^, . . . , as the set of vertices. The vertices 
Vfc and are joined by an edge in F^ if and only if there exist Vi G T4 and Ij G such that 

Denote by Hi, ... ,Hp the connected components of the graph F^. Let 
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Then T^(^) multiples ¥( by t'^ and W[ by (i-)"^. The stabilizer is given by the equations 



By construction of Hi, all linear functions of vanish at all vectors of V- for i ^ j, hence 

p p 

dimVFj' ^ dimlA'. But ^ dimWl = ^ dimlA', hence dimW/ = dimF/. 

1=1 i=i 
Thus the stabilizer is given by the equation 

= 1, 

and is one-dimensional if and only if p = 2. 

So if the orbit cone associated to f = {vi, . . . ,Vm^_,h-, ■ ■ ■ ■,lm2) is ("7, — l)-dimensional, then 
V = Vi® V2, V* = Wi® W2, dimVi = dimVFi = k, 1 ^ k ^ n — 1; any vector Vi lies in Vi or in 
V2; any linear function Ij lies in Wi or in W2', any linear function from Wj is zero on any vector 
from Vi for i ^ j- 

Let / be the set of numbers of vectors Vi from V\, J be the set of numbers of linear functions 
Ij from W\. Then the orbit cone associated to v lies in hyperplane given by the equation 

{n - k)^Xi - k^Xi = {n - k)^yj -k^yj. 
iei 10 jeJ j^J 

Here the inequalities ^ |/| ^ mi — n + k and k ^ \ J\ ^ m2 — n + k are satisfied. 

Case 3: dim(?;i, . . . , f^^) = n, dim(^i, . . . , /m2) < n or dim(t;i, . . . , < n, 

dim(/i, . . . , Im^) = n. In this case we have one equation on the stabilizer and the graph Ty should 
have two connected components. We obtain hyperplanes given by equations (5). □ 

Proposition 4. The weight cone O is given by inequalities 

(6) / = !,..., mi, yp^O, p = l,...,m2, 

m2 mi 

(n - k)(^yj - ^Xj) + fc^Xj > 0, (n - k)(^Xi -^yj) + fc^y^ ^ 0, 

j=l i€l i^I i=l j€J j^J 

where 1 ^ A; ^ ra — 1, / C {1, . . . , mi}, J C {1, . . . , m2}, |/| = | J| = k. 

Proof. It is sufficient to find hyperplanes (2)-(5) which contain facets of the cone Q. It is clear 
that hyperplanes (2) and (3) do. Since the weights {/ji...i„} and {gji...jn} lie on different sides of 
hyperplane (4) , this hyperplane intersects the interior of the cone Q. 

Consider equation (5). First suppose that < |I| < mi, < [ J| < m2. Let ii G /, ^2 ^ I, 
ji G J, j2 J- The weights /ij^jj ^^"^ ^«2ji different sides from the hyperplane. Now let 

\J\ = m2- If |/| > k, then there exist numbers ii, . . . ,ik+i & I, ik+2, ■ ■ ■ ^ I- Weights fii...i„ 
and gji...jn lie on different sides from the hyperplane. For |7| = k we obtain inequalities (6). The 
cases |/| = 0, mi and | J| = are analyzed similarly. □ 

It follows from the proof of Proposition 4 that hyperplanes (4) and (5) intersect the interior of 
the cone Q. Further, if dimension of the orbit cone uj{v) is less than m — 1, then uj{v) lies in the 
intersection of some (m — l)-dimensional orbit cones. Thus two points are GIT-equivalent if and 
only if they lie in the same m-dimensional and (m — l)-dimensional orbit cones. 
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Theorem 3. For the diagonal action of the group SL{V) on the variety P(l/)™'i x¥{V*)"^^ , where 
mi or m2 does not exceed n = dimy, the GIT-fan is obtained by cutting of the cone O given by 
inequalities (6) by hyperplanes 

(4) Xi + ...+Xmi =yi + ■■■+ym2, 

(5) {n - k)^Xi - k^Xi = {n - k)^yj - k^yj, 

where 1 ^ k ^ n — 1, I C {1, . . . , mi}, J C {1, . . . , 777-2}, ^ 1-^ | ^ rrii — n + k or 
k ^ \ J\ ^ m2 — n + k. 

Proof. Let us find all (m — l)-dimensional orbit cones. It follows from Proposition 4 that we 
should only prove that the intersection 11 of any hyperplane of type (4) or (5) with the cone fl is 
the orbit cone for some point v. 

For the case of hyperplane (4) let = (ei , . . . , ei , , . . . , ) . The orbit cone associated to v lies 
in this hyperplane and its dimension equals m — 1. Note that the inequalities 

m2 

{n-k)(^yj - ^Xj) + fe^Xj ^ 

j=i iei i^I 
mi 

{n - k)(^Xi - ^yj) + k^yj ^0, 

i=i jeJ j^J 

for the points of hyperplane (4) become 

Hence the cone 11 is the intersection of hyperplane (4) with the positive ortant. Finally, the 
weights which generate the orbit cone u}{v) and edges of the cone 11 lie on the same rays. 

Denote by H the hyperplane (5) . Without loss of generality it can be assumed that equation (5) 
is of the form 

-^1 Tni \J\ rri'z 

[n- k)^Xi - k ^ Xi = {n - k)'^yj - k ^ yj, 
i=l i=\I\+l j=i j=|J|+i 

where A; ^ |7| ^ mi — n + k. 

The orbit cone uj{v) associated to the point 

V = \ei, . . . , e^j, efe, . . . , e/;, e^-i-i, . . . , e^j, e^, . . . , , 

^ V ' ^ V ' 

\I\-k mi+k-\I\-n 

gi + . . . + e^ . . . + . . . + e^e'=+l + . . . + e", . . . ,6*=+^ + . . . + e") 

\J\ m2-|J| 

is (m — l)-dimensional and lies in hyperplane H. It is easy to check that this cone lies in 11. It 
remains to prove the converse implication. 
Let A = {xi,...,Xmi,yi,---,ym2) en. Then 

\J\ k \I\ m2 

A = {xi -^yj - a)hu + '^{xi - a)hii + ^ Xihn + {x^+i - ^ y^- - a)/i|7|+i | j|+i+ 

j=2 i=2 i=k+l j=\J\+2 

|7|+n-fc mi \J\ m2 

+ {xi-a)hi\j\+i+ ^ Xihi\j\+i+Yyjhij+ ^ yjh\i\+ij+afi_k\i\+i...\i\+n-k, 

i=\I\+2 i=|/|+n-fc+l i=2 j=\J\+2 
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1^1 1^1 

where (x = Xi — ^ yj). It follows from inequalities (6), that coefficients of this decomposition 

i=i j=i 

are positive. Therefore A G uj{v), and 11 lies in uj{v). Hence 11 coincides with uj{v). This completes 
the proof of Theorem 3. □ 

Now let mi < n and m2 < n. In this case the weight cone is (m — l)-dimensional. 

Theorem 4. For the diagonal action of the group SL{V) on the variety ¥{V)'^^ x¥{V*)"^^, where 
mi, 777.2 < n = dimF, the GIT- fan is obtained by cutting of the cone 

n = {{xi,...,Xmi,yi,---,ym2) \ xi + ...+Xmi = Vl + ■ ■ ■ + ymi', Xi,yj ^ 0} 

by hyperplanes 

(7) ^^i = ^yj' 

where / C {1, . . . ,mi}, J C {1, . . . ,77x2}, / / 0, {1, . . . ,mi}, J / 0, {1, . . . ,7722}- 

Proof. In this case the weight cone is generated by the weights {hij}. It is clear that the weight 
cone is contained in the cone CI. On the other hand, edges of the cone CI are precisely the generators 
of the weight cone. 

We need to find all (m — 2)-dimensional orbit cones. As above let us construct the graph 
for any vector v. The stabilizer T„(^y-^ should be of dimension two. Hence the graph Ty has two 
connected components. In this case the orbit cone uj{v) is contained in the intersection of the 
weight cone with hyper plane (7), where I and J arc sets of numbers: i ^ I and j € J if 
Vi and Ij lie in the first connected component of the graph Vy. Finally it is necessary to prove 
that intersection of the cone Q. with hyperplane (7) is the orbit cone associated to some vector v. 
For this let the vector v be (ui , . . . , Vmi ,h, ■ ■ ■ , lm2 ) ) where Vi = ei, Ij = e"*" , if z G /, j G J and 
Vi = ^2, Ij = e^, if i /, J ^ J. This completes the proof of Theorem 4. 

□ 
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